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The production of cement is currently associated with around 5% of global carbon emissions. The manufacture 
of functionally graded structural elements, where the material composition is varied over the volume, allows 
the use of cement to be optimized and minimized. Horizontal gradation of material properties can be achieved 
by casting vertical layers having homogeneous composition. However, a key problem in this application is the 
control of the fresh state deformations of the layers. This study investigates for the first time the fundamental 
problem of the fresh state stability of concrete prisms that consist of two vertical layers of different mixes. 
Original experiments are designed to invoke stable and unstable behaviour. Two novel limit-state models are 
formulated to assess the stability of the system as a function of material properties and geometry. The results 
show that a relationship between system stability, geometry and material parameters exists, and that it is 
captured by the presented models. 
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1 Introduction 
Cementitious materials are the most widely used materials in construction. In the past decade, the global use 
of cement has increased from 2.22 to 4.10 Gt/year [1]. In 2014, the industrial production of cement was 
estimated to account for  5.2% of global CO2 emissions [2]. Total annual greenhouse gas emissions have 
increased steadily since 1970, and reached a record high of 53.5 GtCO2e in 2017 [3]. In response to this trend, 
195 countries adopted a universal, legally-binding global climate agreement dealing with greenhouse gas 
emissions at the Paris climate conference COP21 in 2015 [4]. The Paris climate agreement sets out a global 
action plan to avoid dangerous climate change by limiting global warming [4]. To achieve a target maximum 
temperature increase of 1.5°C above pre-industrial levels, global greenhouse emissions in 2030 need to be 
approximately 55% lower than in 2017 [3]. The development of technologies aimed at using cement efficiently 




Traditionally, structural elements are designed and manufactured as homogeneous continua having uniform 
properties throughout their geometry. For a given element, a suitable material is chosen to meet various 
requirements, such as a strength, durability and deformability performance. With this approach, the properties 
of the material are often fully exploited only in limited regions of the element. For example, when the material 
is selected to meet a desired strength performance, its mechanical strength capacity is only reached in the areas 
where critical stress states are expected to develop. For a majority of load cases, this results in an overuse of 
high performance material and thus in a generally inefficient design.  
 
The need to use materials efficiently leads to the concept of Functionally Graded Materials (FGMs). A FGM 
is a material whose properties change over the volume along one or multiple dimensions in order to effectively 
meet specific performance requirements [5]. That is, in a functionally graded element the material properties 
are engineered to meet the actual needs. The potential of FGMs was significantly developed in the 1980s in 
Japan, where functional grading was used to reduce the thermal stresses in conventional laminate composite 
materials for reusable rocket engines [6]. Since then, there has been an increasing interest in FGMs with 
successful applications in the aerospace, bioengineering and energy industries [7–9]. In aerospace, for example, 
FGMs capable of withstanding high thermal gradients are employed extensively in rocket engine components, 
leading edges of missiles and space shuttles. In bioengineering, man-made FGMs are widely used to replace 
damaged human body tissues presenting a natural gradation in mechanical properties. Common applications 
of FGMs in the energy sector are, for instance, thermal barrier coatings and pressure vessels. Comprehensive 
reviews on FGMs, processing techniques and applications are presented in [9–14]. 
 
The concept of FGMs has been applied to concrete elements, such as beams, slabs, and pavements. The 
material properties are commonly graded in the vertical direction to minimize self-weight and cement content 
and to optimize the overall mechanical and durability performance [15–19]. The change in properties in the 
vertical direction is obtained by sequentially casting horizontal layers of different concrete mixes. In order to 
achieve a good bond at the interface, wet-on-wet casting is typically used, i.e. new layers are cast prior to 
setting of the existing ones. While research has been carried out on horizontal layers, little attention has been 
paid to the possibility of grading material in the horizontal direction. Yet horizontal gradation represents a clear 
opportunity to minimize the use of cement and optimize properties such as the durability and fire resistance of, 
for example, beams, columns and walls. A first attempt to cast vertical layers is reported in [20]. In this study, 
vertical panels were used to demarcate the different mixes during casting and were then removed before 




However, a major problem with this kind of application is the control of the fresh state deformations of the 
vertical layers following the removal of a vertical dividing panel (as shown schematically in Figure 1). Indeed, 
if the mixes are fluid enough, global instability phenomena can occur where heavier mixes tend to flow 
underneath lighter mixes. If the flow due to global instability causes significant deformations, the layered 
geometry previously defined by the dividing panels is altered. As a consequence, the spatial variation of 
material properties in the hardened state does not reflect the original design, and the performance of the layered 
element might not be as expected. Thus, there is an urgent need to understand the problem of stability of vertical 
layers of fresh concrete in order to confidently design light, durable and safe multifunctional concrete 
structures. 
 
Cementitious materials are yield stress fluids: they exhibit a viscoelastic solid behaviour at low shear stresses 
and start to flow at shear stresses higher than their yield stress [21–23]. When layered elements composed of 
columns of different materials are cast with the aid of a removable panel with a finite thickness, the extraction 
of the panel creates a void. This typically induces higher shear stresses than the yield stresses of the materials. 
As a result, a shear rate is generated and the materials flow in to fill the void. Once the materials come into 
contact, the shear stresses in the two mixes reduce due to mutual confinement in the horizontal direction. If the 
materials have the same self-weight, the shear stresses drop below the yield stresses and the flow stops. On the 
other hand, in cases where there are sufficiently high differences in density, shear stresses exceeding the yield 
stress of the materials may still exist. This results in the global instability of the system: additional flow occurs 
until a stress state is reached that does not exceed the yield stresses of the materials. Hence, density and yield 






Figure 1 (a) Casting of vertical layers with the aid of a removable panel; deformation of the layers following 
panel removal: (b.1) stable system and (b.2) unstable system. 
 
This work makes a major contribution to research on functionally graded concrete by identifying the 
relationship between density, yield stress, geometry and mechanical stability of two vertical layers of fresh 
concrete in contact with each other. A set of experiments on two vertical layers with tailored cementitious 
mixes are designed to establish the relationship between material parameters and fresh state stability for a given 
geometry. Cementitious mixes with various yield stresses and densities are employed to invoke stable and 
unstable behaviour. An original limit state analysis method based on the lower and upper bound theorems of 
plasticity theory is then developed that allows the stability of the system to be predicted as a function of material 
parameters and geometry. The formulated limit-state approach is validated and discussed in light of 
experimental results. 
2 Experimental program 
A set of experiments were performed to investigate the effects of material properties on the stability of two 
columns of different materials. Specifically, vertical layers with tailored cementitious mixes having various 
yield stresses and densities were designed. The density of the materials was varied by adding foam to the mixes, 




2.1 Materials and protocols 
Twelve tests were performed, denoted as T1 to T12. In each test, two different cementitious materials, denoted 
as MX.1 and MX.2 were mixed, where X is the identifier of the test. The two mixes MX.1 and MX.2 were 
used to cast two identical layered prisms, denoted as A and B, composed of two layers of different materials. 
This resulted in the casting of 24 layered prisms across 24 mix compositions. 
2.1.1 Materials 
The mix compositions were designed with a view to explore a wide range of densities and yield stress values. 
The mixes adopted in this study were mortars. A major advantage of using mortar, rather than concrete with 
coarse aggregate, is the possibility to effectively tailor a wide range of mix densities through the addition of 
foam without affecting the inner stability of the material. Indeed, special care must be taken when varying the 
density of a normal concrete mix with coarse aggregate by a mere addition of foam. This is because an increase 
in foam content reduces the density of the mortar phase, thereby potentially leading to segregation of coarse 
aggregate from mortar. Preliminary tests were performed, where uniform mortar prisms were cast to verify the 
inner stability of the mix compositions adopted in this study. 
 
Table 1 shows the composition for the 24 mixes used, denoted as M1.1 to M12.2. A standard Portland-
limestone cement CEM II/A-LL strength class 32.5R complying with European Standard EN 197-1 [24] was 
used. The maximum particle diameter of the sand was 4 mm. The desired workability (yield stress) was 
achieved by varying the water content and using a PCE superplasticizer. In order to visually distinguish 
between the two materials employed in each test, a red mortar dye based on powdered oxide pigments was 
added to one of the mixes. The foam was produced in the laboratory prior to each test using a surfactant-based 
foaming agent. First, the foaming agent was diluted in water to obtain a 3% strength pre-foaming solution. 
Then, the foam was obtained by whisking the solution for two minutes using a mixer attachment fitted to a 
power drill. The densities of the single mix constituents are reported in Table 2. 
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Table 1 Mix compositions.  
*Superplasticizer content expressed in terms of % of cement mass 
Constituent Unit 
T1 T2 T3 T4 
M1.1 M1.2 M2.1 M2.2 M3.1 M3.2 M4.1 M4.2 
Cement [kg m-3] 600 460 600 460 600 460 600 484 
Water [kg m-3] 300 230 300 230 300 230 300 243 
Sand 0/4 mm [kg m-3] 1314 1108 1309 1108 1309 1100 1309 1047 
Superplasticizer* [%] 0.35 0.00 0.70 0.00 0.70 0.70 0.70 0.70 
Foam [l m-3] - 200 - 200  - 200  - 200 
Concrete dye [kg m-3] 15 - 15 - 15  - 15 - 
Constituent Unit 
T5 T6 T7 T8 
M5.1 M5.2 M6.1 M6.2 M7.1 M7.2 M8.1 M8.2 
Cement [kg m-3] 600 519 600 519 600 519 600 519 
Water [kg m-3] 300 259 300 259 300 259 300 259 
Sand (0/4 mm) [kg m-3] 1320 1245 1314 1240 1309 1236 1304 1236 
Superplasticizer* [%] 0.00 0.00 0.35 0.35 0.70 0.70 1.05 0.70 
Foam [l m-3]  - 100 - 100 - 100 - 100 
Concrete dye [kg m-3] 15 - 15 - 15 - 15 - 
Constituent Unit 
T09 T10 T11 T12 
M9.1 M9.2 M10.1 M10.2 M11.1 M11.2 M12.1 M12.2 
Cement [kg m-3] 600 575 600 519 600 575 600 600 
Water [kg m-3] 300 288 300 259 300 288 300 300 
Sand (0/4 mm) [kg m-3] 1304 1114 1309 1366 1309 1254 1304 1322 
Superplasticizer* [%] 1.05 0.70 0.70 0.70 0.70 0.00 1.05 0.70 
Foam [l m-3] - 100 - 50 - 50 - - 










Sand (0/4 mm) 2600 
Superplasticizer 1100 
Foam 50 





2.1.2 Mixing protocols 
Each of the 12 tests involved mixing two different mortars, measuring their weight and rheological properties, 
and casting vertically layered prisms. The two mortars were mixed simultaneously. The mixes without foam 
were mixed in a vertical-axis rotational mixer. The dry ingredients, including the dye, were mixed for 2 minutes 
in order to obtain a homogenous blend. The water was then added gradually while the mixer was running and 
the wet ingredients were mixed for an additional 2 minutes. By contrast, the foamed concretes were mixed in 
an inclined drum mixer. The benefit of using a drum mixer was that its relatively gentle folding action allowed 
the foam to blend uniformly with the mortar without collapsing. As with the mixes without foam, the 
ingredients were first mixed dry for 2 minutes and wet for an additional 2 minutes. The foam was then gradually 
added and the mixer was left running for another 2 minutes in order to achieve a homogenous foamed mix. 
2.1.3 Rheological measurements 
In order to minimize the effects of thixotropy, measurements of the fresh state properties and stability tests 
were performed and completed within 10 minutes after mixing. The yield stress of the wet mixes was measured 
through an LCPC-box channel flow test [25,26]. This test measures the ability of the mix to flow through a 
wooden box having a length of 120 cm, a width of 20 cm and a height of 15 cm (see Figure 2). Six litres of 
material are poured at one extreme of the box in about 30 seconds, thereby generating a relatively slow flow 
that stops only when the stresses within the material are equal to or less than the yield stress. The yield stress 
𝜏0 is calculated as a function of wet density 𝜌 and spread length 𝐿 in the box, defined as the average of the 
maximum spread length and lateral wall spread length. The relationship between wet density, spread lengths, 
and yield stress is obtained analytically in [27]. The reliability of the method was demonstrated by Roussel 
[25] and Nguyen et al. [27] by cross validating the obtained measures against the results of rotational rheometer 
tests. The LCPC-box test is preferred to the classic slump flow test in the case of highly flowable mixes, such 
as the mortars studied here. This is because when the slump flow test is performed with highly flowable mixes, 
the thickness of the sample at flow stoppage is often of the same order as the size of the largest particles [25]. 
In addition, the LCPC-box allows a relatively slow flow rate to be imposed, thus justifying the existence of a 
relationship between shape at stoppage, density and yield stress of the material [25]. The yield stress of the two 
materials employed in each test was measured at the same time and immediately before casting the layered 
prisms in order to obtain a reliable assessment of the instantaneous values. The wet density of each mix was 




Figure 2 LCPC-box test 
2.1.4 Main experiments 
As discussed for each test, two identical repeat specimens were cast. Rectangular wooden moulds equipped 
with a removable vertical panel was designed to cast the specimens (see Figure 3).  The internal dimensions of 
the moulds were 16.4 × 30 × 35 cm3. To host the removable panel, two vertical grooves were cut into the 
internal surfaces of the short sides of each mould. The vertical panel was made of acrylic glass and was 4 mm 




Figure 3 (a) Mould equipped with removable panel, (b) vertical section A-A and (c) plan view. 
 
First, the removable panel was oiled to minimize the friction effects on sliding. Then, two different mixes were 
cast in the two regions of the mould. In order to avoid deflection of the panel, the two mixes were cast to similar 
heights during casting. The two regions of the mould were filled up to a height of 30 cm. The dividing panel 
was then removed immediately after casting and at this point the two mixes came into contact. To avoid 
inducing inertial effects, the panel was extracted in approximately 10 seconds, corresponding to a relatively 
low speed of 30 mm s-1. The two columns of material deformed to fill the gap created by the panel extraction. 
 
The specimens were cured for at least 3 days, demoulded, and cut in half along the vertical plan parallel to 
their short sides using a table saw with a blade diameter of 400 mm. This allowed the middle cross section of 
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the specimens to be inspected (see Figure 4a). First, the cross sections were photographed with a high-
resolution camera (Figure 4b). The perspective distortions were minimized upstream by ensuring the focal 
plane was parallel to the cuts. Then, the residual distortions were corrected in a raster graphic editor by marking 
four reference points on the cross section of each specimen. The corrected photos were finally imported into a 
CAD software in order to trace the profile of the boundary between the two mixes and to measure the 
transversal displacement 𝑑, defined here as the maximum horizontal displacement of the boundary (see Figure 
4c).  
 
Figure 4 Analysis of the middle section of a specimen: (a) specimen cut in half, (b) photo of a middle section, 
(c) CAD representation of the middle section. 
2.2 Results 
2.2.1 Rheological measurements 
Table 3 summarizes the material properties measured for all the mixes and the driving parameters derived for 
each test, i.e. difference in density ∆𝜌 between the materials, the sum of the yield stresses 𝜏𝑠, and the stability 





Such a coefficient was defined as an indicator of the stability capacity of the system. Indeed, the difference in 
density ∆𝜌 is proportional to the forces driving instability while the sum of yield stresses 𝜏𝑠 is an indicator of 




The adopted mix compositions allowed a wide range of densities and yield stresses to be obtained. It is worth 
noting that Tests 1 to 4 (T1-T4) are characterised by ∆𝜌 in the range 350 – 368 kg m-3and decreasing 𝜏𝑠. This 
results in a decreasing stability index 𝑚. Similar variations of 𝜏𝑠 and 𝑚 can be observed for Tests 5 to 9 (T5-
T9), where ∆𝜌 = 194 – 228 kg m-3, and Tests 10 to 12 (T10-T12), where ∆𝜌 = 75 – 142 kg m-3. 
2.2.2 Main experiments 
 
In all the tests, the heavier material tends to flow underneath the lighter material. As an example, Figure 5 
shows the flow profiles obtained at the middle section of each specimen A. 
 
Visual observation of the hardened prisms allowed for the verification that the short lateral faces of all 
specimens did not deform (see Figure 6). That is, the fresh materials stuck to the wooden walls. However, the 
inspection of the boundary between the two materials at the top surface of the prisms showed that the short 





Table 3 Experimental measurements for the mixes under investigation (wet density 𝜌, spread length 𝐿 and 
yield stress 𝜏0), driving parameters for each test, and transversal displacements (displacement 𝑑𝐴 measured 
for the repeat specimens A, displacements 𝑑𝐵 measured for the repeat specimens B, and average 
displacements 𝑑). 
Measure Unit 
Test 1 Test 2 Test 3 Test 4 
M1.1 M1.2 M2.1 M2.2 M3.1 M3.2 M4.1 M4.2 
𝜌 [kg m-3] 2228 1898 2235 1867 2100 1750 2180 1805 
𝐿 [mm] 600 480 740 490 650 650 830 720 
𝜏0 [Pa] 76 116 42 109 57 47 30 37 
∆𝜌 = 𝜌1 − 𝜌2 [kg m
-3] 330 368 350 375 
𝜏𝑠 = 𝜏1 + 𝜏2 [Pa] 192 151 104 67 
𝑚 = 𝜏𝑠 ∆𝜌⁄  [Pa m³kg
-1] 0.58 0.41 0.30 0.18 
𝛼 = 𝜏𝑚𝑖𝑛 𝜏𝑚𝑎𝑥⁄  [-] 0.65 0.39 0.83 0.82 
𝑑𝐴 [mm] 7.9 11.4 37.8 59.0 
𝑑𝐵 [mm] 9.6 11.4 39.4 - 
𝑑 [mm] 8.8 11.4 38.6 59.0 
Measure Unit 
Test 5 Test 6 Test 7 Test 8 
M5.1 M5.2 M6.1 M6.2 M7.1 M7.2 M8.1 M8.2 
𝜌 [kg m-3] 2140 1946 2165 1960 2165 1940 2150 1922 
𝐿 [mm] 605 400 660 490 740 570 920 575 
𝜏0 [Pa] 71 176 56 114 41 76 23 74 
∆𝜌 = 𝜌1 − 𝜌2 [kg m
-3] 194 205 225 228 
𝜏𝑠 = 𝜏1 + 𝜏2 [Pa] 248 170 117 96 
𝑚 = 𝜏𝑠 ∆𝜌⁄  [Pa m³kg
-1] 1.28 0.83 0.52 0.42 
𝛼 = 𝜏𝑚𝑖𝑛 𝜏𝑚𝑎𝑥⁄  [-] 0.40 0.49 0.53 0.31 
𝑑𝐴 [mm] 1.0 4.8 7.1 12.8 
𝑑𝐵 [mm] 3.0 6.9 8.3 6.3 
𝑑 [mm] 2.0 5.9 7.7 9.6 
Measure Unit 
Test 9 Test 10 Test 11 Test 12 
M9.1 M9.2 M10.1 M10.2 M11.1 M11.2 M12.1 M12.2 
𝜌 [kg m-3] 2130 1922 2137 1995 2145 2020 2182 2107 
𝐿 [mm] 915 730 690 505 725 520 1190 680 
𝜏0 [Pa] 23 37 49 108 43 101 11 50 
∆𝜌 = 𝜌1 − 𝜌2 [kg m
-3] 208 142 125 75 
𝜏𝑠 = 𝜏1 + 𝜏2 [Pa] 60 157 144 61 
𝑚 = 𝜏𝑠 ∆𝜌⁄  [Pa m³kg
-1] 0.29 1.10 1.15 0.82 
𝛼 = 𝜏𝑚𝑖𝑛 𝜏𝑚𝑎𝑥⁄  [-] 0.61 0.45 0.42 0.22 
𝑑𝐴 [mm] 30.7 2.7 1.5 7.0 
𝑑𝐵 [mm] 31.0 4.9 1.1 10.1 










Figure 6 3D view of specimen T4A 
 
Table 3 summarizes the horizontal displacements 𝑑𝐴 and 𝑑𝐵 measured for the specimens 𝐴 and 𝐵 respectively, 
together with their average value 𝑑. Figure 7 shows the variation of the average displacement 𝑑 in the ∆𝜌-𝜏𝑠 
plane. Following the same trend as indicated by the stability index 𝑚, the displacement 𝑑 grows with increasing 
differences in densities ∆𝜌 and decreasing sums of yield stresses 𝜏𝑠. Specifically, 𝑑 grows from 8.8 mm to 59 





Figure 7 Relationship between sum of the yield stresses 𝜏𝑠, difference in densities of the materials ∆𝜌, and 
average horizontal displacement 𝑑 obtained for each test. 
 
Figure 8 shows the maximum displacements 𝑑𝐴 and 𝑑𝐵 obtained for each test plotted against the corresponding 
stability coefficient 𝑚. The plot indicates that a relationship exists between the difference in density ∆𝜌 of the 
two materials, the sum of their yield stresses 𝜏𝑠, and the stability of the system. The displacements decrease 
with an increase in the stability coefficient 𝑚. Specifically 𝑑 decreases sharply for increasing stability 
coefficients 𝑚 up to about 0.4 Pa m³ kg-1 and then more gradually for higher values of 𝑚.  
 
Figure 8 Maximum horizontal displacement 𝑑 as a function of the stability coefficient. 
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3 Limit state analysis 
This section presents a theoretical framework to assess the fresh state stability of a system composed of two 
columns of different cementitious materials. First, the adopted modelling strategy and underlying main 
assumptions are discussed. Two bound models are then presented that aim to bracket the real stability limit 
conditions. Finally, the newly formulated bound models are validated against the experimental results 
presented in section 2.  
3.1 Cement-based materials as yield stress fluids 
Cement based materials, such as cement pastes, mortar and concrete, behave as yield stress fluids. A yield 
stress fluid is a material that exhibits a viscoelastic solid behaviour at low shear stresses but starts to flow at 
shear stresses higher than a threshold value, usually referred to as the yield stress. Most industrial materials 
characterised by the suspension of a large number of particles in a Newtonian fluid, such as water, behave as 
yield stress fluids [21,31,32]. Examples include creams, glues, paints, and muds [21,31]. Many yield stress 
fluids have a non-Newtonian character: their apparent viscosity varies with the shear rate due to the influence 
of the flow rate on the alignment and orientation of the suspended particles [28]. Such a behaviour is generally 
described by a Herschel-Bulkley model: 
𝜏 > 𝜏0   →   𝜏 = 𝜏0 + 𝑘?̇?
𝑛 (3-1) 
where 𝜏0 is the yield stress, ?̇? is the shear rate,  𝑘 is the consistency index, and 𝑛 is the flow index. The fluid is 
said to be shear thinning if 𝑛 is less than 1, and shear thickening if 𝑛 is more than 1. When 𝑛 is 1, the model 
reduces to a Bingham behaviour and 𝑘 represents the viscosity 𝜂 of the fluid (see Figure 9): 
𝜏 > 𝜏0   →   𝜏 = 𝜏0 + 𝜂?̇? (3-2) 
When the apparent viscosity of the material not only depends on the shear rate but also on the flow history, the 
fluid is said to be complex or thixotropic [21]. In this case the effect of the flow rate on the alignment and 
orientation of the suspended particles takes some time to develop and the apparent rheological properties are 
time-dependent. This is illustrated by the fact that viscosity and yield stress grow with the time at rest and 
decrease with increasing flow time at a specific shear rate. Cementitious materials are rate-dependent and 
thixotropic yield stress fluids. Furthermore, time-dependent chemical reactions, such as cement hydration, lead 





Figure 9 Herschel-Bulkley rheological model 
 
The rheological properties of cement-based materials vary in a complex fashion with the mix proportions of 
their solid particles [23]. In cement paste, yield stress and viscosity increase as the water to cement ratio 
decreases [23]. In addition, both yield stress and viscosity increase as the cement gets finer. This is because the 
flow of cement paste is governed by the interfaces between solid cement particles and water [35]. If aggregate 
is progressively added to a cement paste to obtain a mortar or concrete, the workability of the mix is generally 
decreased [35]. In contrast to cement paste, in mortar and concrete both yield stress and viscosity increase as 
the maximum particle size increases [35]. The increase in yield stress can be explained by the fact that 
aggregate is capable of withstanding the applied stresses without deformation. The increase in viscosity can be 
partly attributed to the increase in inter-particle contact and surface interlocking. An additional contribution is 
associated with the inability of the aggregate to be sheared. When an overall shear rate ?̇? is applied to an 
imaginary mortar or concrete, the shear rate within the aggregate particles is zero, while the shear rate in the 
paste can be significantly higher than ?̇?. This higher shear rate results in a higher shear stress in the paste. As 
a consequence, a higher viscosity is measured in the bulk materials. These trends suggest that the influence of 
particle size is a surface area effect in fine grained pastes and a simple volume effect in coarser grained 
concretes [35].  
 
The workability of a given mix can also be adjusted by adding superplasticizers. These polymeric dispersants 
reduce yield stress at constant solids content [28]. Superplasticizer molecules adsorb onto cement particles and 
temporarily reduce or eliminate the attractive interparticle forces that cause yield stress. This gives the materials 
a more liquid consistency. The performance of superplasticizers is influenced by cement hydration. On reaction 
with water, hydrates form on the cement particles that tend to cluster and compensate for the superplasticizer’s 
separating effect. This is because superplasticizer molecules interact with early hydration phases, mainly with 
the aluminate phases, by intercalation. This intercalation reduces the amount of polymer available for 
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adsorption on the cement paste, thereby reducing the effectiveness of the plasticizer [36]. Hence, the yield 
stress measured in the bulk material is significantly influenced by the interaction between hydration products 
and superplasticizer molecules [28].  
 
An additional parameter affecting the rheology of cementitious materials is temperature. Indeed, an increase 
in temperature can accelerate the physical and chemical phenomena underlying thixotropy and hydration. 
Furthermore, an increase in temperature can enhance the adsorption of some superplasticizers. Hence, 
temperature generally influences the time-dependent variation in yield stress and viscosity of the material 
[28,37,38]. 
3.2 Modelling strategy 
A number of computational techniques exist to perform concrete flow simulations [29,30]. Depending on the 
scale of the observation, fresh concrete can be studied as a homogeneous yield stress fluid or as a suspension 
of solid particles in a yield stress fluid [28,30]. Discrete modelling approaches are employed when, for 
example, the objective is to understand the relationship between mix design and rheological properties or when 
the scale of the problem is of the same order as the size of the grains [30]. Although generally more refined 
than continuous modelling methods, discrete modelling approaches still fail to capture a number of 
mechanisms that occur at a micro- and nano-scale, and influence the rheology of cementitious materials. These 
include chemical and physical interactions between cement grains, water and superplasticizer molecules. 
Furthermore, discrete modelling approaches require significant computational resources [30]. Thus, single 
fluid simulations are preferred when the behaviour of each particle is not of interest and relatively large 
problems are studied.  A common approach to obtain single fluid solutions is to use the apparent viscosity of 
the material in Navier-Stokes equations. Nevertheless, the yield behaviour of cementitious materials makes the 
apparent viscosity approach infinite when the shear rate approaches zero. As a consequence, numerical 
difficulties arise when modelling the transition between solid and fluid behaviour; i.e. in the case of slow flows 
[30]. For this reason, the formulation of analytical methods to study the transition between solid and fluid 
regimes represents a major contribution to the field of applied concrete rheology.  
3.2.1 Cement-based materials as plastic materials 
In this work, the macroscopic behaviour of cementitious materials in the fresh state is studied through a novel 
analytical approach that models the material as perfectly plastic. In other words, it is assumed that either there 
is no flow or the flow is slow enough for viscous and inertia effects to be negligible [39]. This assumption 
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allows the flow of the material to be studied as a function of the load conditions and yield stress of the material 
only [20,21]. Moreover, it provides a tool for the assessment of the limit-behaviour of systems whose boundary 
conditions are uncertain. It is worth noting that such an assumption is acceptable when the flow is slow enough 
such that the dynamic pressure 𝑞 (defined as the increase in pressure over the static value due to motion) is 
much smaller than the yield stress of the materials 𝜏0 [39]. In the present study, the yield stress is formally 
treated as a time-independent measure, which means that the time-dependent changes in rheological properties 
can be set aside. This assumption is valid when the characteristic flow time for the studied problem is much 
smaller than the characteristic time over which the properties of the material change [31]. Such an approach 
allows the relationship between the instantaneous yield stress of the materials and the stability of the system to 
be determined. The obtained results can also be applied to problems where thixotropy and hydration play a 
major role by adopting a suitable model to describe the yield stress as a time-dependent material property [40].  
 
In light of these assumptions, plasticity theory and its theorems of plastic collapse are employed to assess the 
stability of the studied system. 
3.2.2 Plasticity theory and theorems of plastic collapse 
The exact stability analysis of a perfectly plastic body would involve solving simultaneously equilibrium, 
compatibility and constitutive equations [41–43]. Specifically, the conditions that must be satisfied are as 
follows: 
 Each point within the system must be in equilibrium. 
 The strains occurring at any point must be compatible with the strains at all surrounding points. 
 Stresses and strains at every point must be related through an appropriate constitutive relationship for 
the material. 
 The failure criterion for the material should not be violated at any point in the system. 
Thus, in order to achieve a complete analysis of the system, relatively complicated calculations would need to 
be performed. In general, this approach is impracticable for routine stability analyses [41–43].  
 
An alternative to an exact analysis of the problem is to concentrate on the stability limit state and to ignore the 
elastic and partly-plastic preliminary stages. This approach is justified when the primary interest of the analysis 
is either to check that the system is stable or to ensure that plastic flow occurs. That is, when phenomena 
occurring prior to collapse, such as elastic deformation or vibration, are not of interest. This is the case for the 




A powerful technique for examining the stability limit state of plastic systems is the use of upper and lower 
bound methods of plasticity theory. Specifically, the upper bound method allows for an upper limit to the exact 
collapse load to be calculated by ignoring the equilibrium conditions; the lower bound method enables the 
calculation of a lower limit to the exact collapse load by ignoring the compatibility conditions. Rigorous proofs 
exist that the collapse loads obtained with upper and lower bound calculations bracket the true collapse load 
[42,44]. 
3.3 Bound models 
This section presents two original models for the stability assessment of a system composed of two vertical 
layers of plastic materials in a rigid container (see Figure 10). The two stability models, based on the upper 
and lower bound theorems of plasticity, aim to assess the relationships between material properties (density 
and yield stress), geometry, and stability of the system. 
3.3.1 Geometry and materials 
A system composed of two vertical columns of perfectly plastic materials resting next to each other is 
considered (see Figure 10). The two columns 𝐼 and 𝐼𝐼 have a width 𝑏 and a height ℎ and are confined by a 
bottom surface and two lateral walls. The system is studied under the hypothesis of plane strain. In physical 
terms, this situation corresponds to the behaviour of an infinitely long container. The base and walls are 
assumed to be infinitely rigid and the effects of friction at the lateral walls and at the interface of materials are 
taken into account. Both lateral walls are assumed to be made of the same material and, thus, to have the same 
roughness.  The two materials, denoted as 1 and 2, are assumed to have yield stresses 𝜏1 and 𝜏2 and mass 
densities 𝜌1 and 𝜌2 respectively. No additional external loads are applied to the two columns. Thus, the only 
external loads are represented by the self-weights of the materials. The two models are formulated assuming 




Figure 10 Geometry and materials 
3.3.2 Upper bound model 
To calculate an upper bound, it is necessary to define a compatible mechanism and to equate the work done by 
internal and external forces. The model developed here assumes the activation of the compatible mechanism 
shown in Figure 11a. Such a mechanism was defined where a heavier material flows underneath a lighter 
material. The kinematic model consists of two rectangular blocks (𝐴 and 𝐸), two triangular wedges (𝐵 and 𝐷) 
and two radial shear zones (𝐶1 and 𝐶2). Figure 11b shows the corresponding displacement diagram. The radius 
of the radial shear zones 𝐶1 and 𝐶2 is 𝑅 = 𝑏 √2⁄  and their angle is 𝜃𝑓 = 𝜋 4⁄ . No-slip boundary conditions are 




Figure 11 Assumed mechanism (a) and corresponding displacement diagram (b)  
Equating external and internal work for the considered mechanism, an upper bound of the external driving load 
∆𝜌𝑔 is obtained (see Appendix A) as: 
 
∆𝜌𝑔 = (𝑘𝑈1 + 𝑘𝑈2 + 𝑘𝑈3)(𝜏1 + 𝜏2) (3-3) 


































and 𝛼 is defined  as the ratio between the minimum and the maximum of the two yield stresses. The terms 𝑘𝑈1, 
𝑘𝑈2 and 𝑘𝑈3 represent three different contributions to the stability of the system. Specifically, 𝑘𝑈1 accounts 
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for the energy needed to activate the internal slip surfaces and to deform the radial shear zones at the bottom 
of the system, 𝑘𝑈2 captures for the effects of friction at the walls, and 𝑘𝑈3 accounts for the impact of the stress 
at the interface between the two materials on the stability of the system.  
 
The upper bound solution reported in Eq. (3-3) can be rearranged to express the sum 𝜏𝑠 of the yield stresses of 
the two materials that gives an unstable system for a given difference in density ∆𝜌 and system geometry: 
 








𝑘𝑈1 + 𝑘𝑈2 + 𝑘𝑈3
 (3-9) 
 
and 𝑚𝑈, defined here as the upper-bound stability coefficient, represents the maximum ratio between the sum 
𝜏𝑠 of the yield stresses and difference in density ∆𝜌 that guarantees an unstable system. If the stability 
coefficient 𝑚 is lower than the upper-bound stability coefficient 𝑚𝑈, the system is expected to be unstable.  
3.3.3 Lower bound model 
To calculate a lower bound solution it is necessary to define an equilibrium stress state that does not violate 
the yield condition of the two materials. The assumed friction stresses are shown in Figure 12a. These represent 
two different interfaces: 
i. The shear stress at the walls which equals the yield stress of the material, assuming perfect bond 
between material and walls.  
ii. The shear stress along the boundary between the two materials which takes the minimum value 𝜏𝑚𝑖𝑛 
of the yield stresses 𝜏1 and 𝜏2. This interface stress contributes to the stability of the system by acting 
upwards on the heavier material and downwards on the lighter. 
Since the critical stresses are expected to develop at the bottom of the system, the wall friction and material 
boundary interface stresses acting on the upper part of the system are modelled as equivalent distributed loads 
across the width of the columns [45]. Accordingly, an equilibrium stress state is defined here using equivalent 
uniform distributed vertical stresses 𝑝1 and 𝑝2 applied across the thickness of the two columns I and II (see 

















Figure 12 (a) Assumed loading condition; (b) equivalent stress state with a vertical discontinuity; (c) stress 
states in the in a typical element 𝐴; (d) stress states in the in a typical element 𝐵 
 
It is worth noting that in order for the distributed loads to be physically meaningful the following condition 
must be satisfied: 
𝑝1 ≤ 𝜌1𝑔 (3-12) 
That is, the friction force applied to the heavier material should not exceed the self-weight of the material itself.  
 
Assuming that both materials reach their yield strength in shear at the base of the system, a lower bound of the 






































The terms 𝑘𝐿1, 𝑘𝐿2 and 𝑘𝐿3 capture the effects of the height of the system, friction at the walls and friction 
between the two materials respectively.  
 
As for the upper bound model, the lower bound model solution reported in Eq. (3-13) can be rearranged to 
express the sum 𝜏𝑠 of the yield stresses of the two materials that gives a stable system for a given difference in 
density ∆𝜌 and system height ℎ: 
 





𝑘𝐿1 + 𝑘𝐿2 + 𝑘𝐿3
 (3-18) 
 
𝑚𝐿, defined as the lower-bound stability coefficient, represents the minimum ratio between the sum 𝜏𝑠 of the 
yield stresses and difference in density ∆𝜌 that guarantees stability. If a pair of mixes is selected that 
corresponds to a stability coefficient 𝑚 higher than the lower-bound stability coefficient 𝑚𝐿, the system is 
expected to be stable.  
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3.3.4 Validity domain and limit cases 
For both the upper and the lower bound model to be applicable, the ratio between system height and column 





This condition is necessary for the lower part of the mechanism (blocks B, D and radial shear zones C1 and C2 
shown in Figure 11) to develop and for the assumption of equivalent distributed loads across the width of the 
columns (see Figure 12) to be acceptable. 
 
The two models can be employed to evaluate the stability capacity of infinitely high parallel layers (ℎ ≫ 𝑏). 
In this case, the upper bound stability contributions 𝑘𝑈1, 𝑘𝑈2 and 𝑘𝑈3 defined in Eq. (3-4), (3-5) and (3-6) 
respectively reduce to: 
 














Eq. (3-20) shows that, in this particular case, the energy needed to activate the internal slip surfaces and to 
deform the radial shear zones at the bottom of the system can be neglected. Eq. (3-21) and (3-22) show that 
the contributions to stability associated with both friction at the wall and the stresses at the interface between 
the vertical layers interface grow as the thickness 𝑏 of the layers decreases. 
 
Similarly, the lower bound stability contributions 𝑘𝐿1, 𝑘𝐿2 and 𝑘𝐿3 defined in Eq. (3-14), (3-15) and (3-16) 
respectively reduce to: 
 













  (3-25) 
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As shown by Eq. (3-23), the contribution to stability associated with the system height disappears in this 
particular case. As for Eq. (3-21) and (3-22), Eq. (3-24) and (3-25) show that the contributions to stability 
associated with both friction at the wall and stresses at the layers interface grow as the thickness 𝑏 of the layers 
decreases. 
 
3.3.5 Stability, instability and plastic collapse 
The developed upper and lower bound models suggest that the stability capacity of the system grows with 
increasing sum 𝜏𝑠 of the yield stresses and reduces with increasing difference in density ∆𝜌. That is, 𝜏𝑠 indicates 
the inner strength of the system and ∆𝜌 drives the external forces. The ratio between sum 𝜏𝑠 of the yield stresses 
and difference in density ∆𝜌 is here expressed in terms of stability coefficient 𝑚, see Eq. (2-1). For a given 
geometry and set of boundary conditions, the two bound models allow for the assessment of two limit values 
of the stability coefficient within which collapse is expected to occur. 
Accordingly, three regions are defined in the plane 𝜏𝑠 − ∆𝜌 (see Figure 13): 
 A stability domain, defined by the lower bound model presented in Eq. (3-17). 
 An instability domain, defined by the upper bound model presented in Eq. (3-7). 
 A domain that lies in between the two bounds and within which the true plastic collapse occurs, 
according to the bound theorems of plasticity. 
Thus, the models indicate that for a given geometry and set of boundary conditions, the stability of the system 
can be controlled by varying the yield stresses of the materials, 𝜏1 and 𝜏2, and the difference in  density ∆𝜌. 
As discussed in section 3.1, in practical applications involving cementitious materials the yield stress of the 
materials can be lowered by chemical admixtures, such as superplasticizers, that have negligible effects on the 
wet densities. Hence, if an unstable system were to be desired, Eq. (3-7) can be used to define the minimum 
workability, and thus the required addition of admixtures, that leads to instability. Similarly, Eq. (3-17) can be 






Figure 13 Lower and upper bound solutions 
3.4 Validation against experiments 
The formulated bound models were validated by evaluating the behaviour of the system studied experimentally 
(see section 2), having column width of 𝑏=80 mm and a height of ℎ=300 mm. In order to obtain indicative 
bounds for all tests, the following values of the coefficient 𝛼 were selected: 
 𝛼 = 0.83 for the upper bound. This value represents the maximum coefficient 𝛼 for the mixes studied 
here (see Table 3).  
 𝛼 = 0.22 for the lower bound. This value represents the minimum coefficient 𝛼 for the mixes studied 
here (see Table 3).  
Figure 14 reports the limit lines corresponding to the calculated lower and upper bound solutions using the 
models presented in section 3.3, together with the experimentally obtained relationship between sum of the 
yield stresses 𝜏𝑠, difference in densities of the materials ∆𝜌, and average horizontal displacement 𝑑 obtained 
for each test. Tests T1, T5, T6, T7, T10, T11 and T12 all fall within the stability domain identified by the lower 
bound model. Test T4 falls within the instability domains defined by the upper bound model. All the other tests 





Figure 14 Analytical bound solutions and experimentally measured relationship between sum of the yield 




Figure 15 Analytical bound solutions and experimentally measured maximum horizontal displacement 𝑑 as a 
function of the stability coefficient. 
 
Figure 15 shows limit lines corresponding to the calculated lower and upper bound solutions together with the 
maximum displacements 𝑑𝐴 and 𝑑𝐵 measured for each test plotted against the corresponding stability 
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coefficient 𝑚. The plot indicates that the bound models bracket the sharp change in slope of the experimental 
𝑑- 𝑚 curve occurring for a stability coefficient 𝑚 around 0.4 Pa m³ kg-1.  
4 Discussion 
The experimental results presented in section 2 suggest that, for a given system geometry and set of boundary 
conditions, the global stability of the system can be controlled by varying the sum 𝜏𝑠 of the yield stresses of 
the materials and their difference in density ∆𝜌. Specifically the stability capacity of the system may be 
increased either by increasing 𝜏𝑠 or by decreasing ∆𝜌. In this regard, Figure 14 shows that the maximum 
horizontal displacement 𝑑 of the boundary between the materials, taken as an indicator of the stability capacity 
of the system, decreases with increasing 𝜏𝑠 and decreasing ∆𝜌. This was confirmed with the formulated bound 
models, which suggest that the stability capacity of the system is proportional to the stability coefficient 𝑚, 
defined as the ratio between the sum of the yield stresses and the difference in density between the two materials 
(see Eq. (2-1), (3-7) and (3-17)). 
 
The developed models aim to bracket the collapse of an ideal rigid-perfectly plastic material. However, real 
cementitious materials in the fresh state exhibit viscoelastic behaviour for stresses lower than the yield stress, 
i.e. they undergo instantaneous elastic strains and time-dependent creep deformations even for stress states that 
do not exceed the yield stress [21,23]. Furthermore, the presented models assume an initial state where two 
columns of different materials have a plane, vertical contact interface. Hence, they do not capture potential 
local instability flows due to the removal of the panel. It is also worth noting that the bound models treat the 
two mixes as homogeneous materials with uniform material properties. As a consequence, they are not able to 
capture local changes in properties due to potential bleeding and segregation. Nevertheless, in the experiments 
performed here, care was taken in the selection of the mixes to minimize bleeding and segregation. 
 
The horizontal displacements measured in the hardened specimens are expected to represent the macroscopic 
effect of various factors including: 
 Elastic strains. 
 Local unstable flow due to the panel removal. 
 Global unstable flow due to the difference in the weights of the two materials. 




The complex material behaviour for stresses lower than the yield stresses, together with potential deflections 
of the panels during casting, explain the development of relatively small horizontal strains even in the case of 
high stability coefficients 𝑚. Indeed, for high stability coefficients 𝑚, stress states are expected to develop that 
do not exceed the yield strength in shear, and therefore would not trigger material liquid flow. Accordingly, 
the sharp increase in maximum horizontal displacement of the boundary observed for stability coefficients 𝑚 
lower than 0.4 Pa m³ kg-1 suggests that flow due to global instability only develops in this region (Figure 15). 
The markedly nonlinear relationship between the stability coefficient 𝑚 and maximum horizontal 
displacement demonstrates that small changes in the yield stresses of the materials have a relatively high impact 
on the stability of the system for stability coefficients lower than 0.4 Pa m³ kg-1. 
 
The calculated upper and lower bounds bracket experimentally identified regions between stable and unstable 
conditions, represented by stability coefficients of about 0.4 Pa m³ kg-1 (see Figure 15). This confirms that 
plasticity theory allows for the global instability flow of cementitious materials to be captured. Furthermore, 
the two bound solutions are relatively close to each other. This indicates that the postulated mechanism 
accurately describes the instability mode of the considered system and that the adopted simplified static scheme 
allows the effects of friction at the wall and at the materials boundary to be modelled approximately. 
 
The proposed models can be adopted to design either stable or unstable systems. If the geometry and boundary 
conditions are fixed, the lower bound model can be employed to determine a set of material parameters 𝜏1, 𝜏2, 
𝜌1 and 𝜌2 that ensures a stable system. Similarly, the upper bound model can be used to design an unstable 
system if instability is sought. If a pair of concrete mixes and thus a set of material properties are fixed, the 
lower and upper bound models can be employed to design geometries corresponding to stable or unstable 
systems respectively. The bound models proposed here for a system composed of two vertical layers of 
cementitious materials can be readily modified to study more complex geometries.  
 
Visual inspection of the hardened specimens showed that the fresh materials stuck to the moulds. In addition, 
it was verified that the effects of friction along the walls did not influence the middle sections. This validates 
the choice of plain strain models to study the behaviour of such sections. 
 
For the problem studied here, the duration of the flow was about 10 seconds, with maximum displacements of 
the order of 6 cm. Thus, the maximum characteristic velocity was 𝑉~ 0.006 ms-1. With a typical density 𝜌 = 
2400 kg m-3, a maximum characteristic dynamic pressure 𝑞 = 𝜌𝑉2 2⁄  ~ 0.04 Pa is obtained, a much smaller 
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value than the yield stress of the materials studied (𝜏0 = 11−176 Pa). This justifies the hypothesis of slow flows 
and, thus, validates the assumption of perfectly plastic material behaviour. 
 
Furthermore, the relatively short duration of the flow confirms that the characteristic flow time is much smaller 
than the characteristic time over which the material properties change [31]. Hence, it is legitimate to treat the 
yield stress of the material as time-independent. In this regard, performing the rheological measurement 
immediately before the main test ensured a reliable assessment of the instantaneous yield stresses 𝜏1 and 𝜏2.  
5 Conclusions 
This study underpins research on functionally graded concrete by investigating for the first time the 
fundamental problem of the fresh state stability of vertical layers of cementitious materials. A system 
composed of two columns of cementitious materials that come into contact is specifically designed to probe 
the driving parameters for determination of intermixing. The relationship between system geometry, boundary 
conditions and material parameters is studied through original experiments and novel analytical models. The 
following conclusions can be drawn: 
 For a given geometry and set of boundary conditions, a relationship exists between the sum of the yield 
stresses of the material, their difference in density and the global stability of the system. The maximum 
horizontal displacement of the materials’ boundaries, considered as an indicator of instability was 
found to decrease with increasing stability coefficient, defined here as the ratio between the difference 
in density and sum of the yield stresses. 
 Plasticity theory is used to study the solid-fluid limit state of concrete for the first time. An original 
plastic approach for predicting the stability of the system is presented. The approach allows an upper 
and a lower bound of the stability capacity of the system to be determined. Comparison with 
experimental data verified that the calculated upper and lower bounds bracket the actual stability limit 
state. 
 The lower bound model allows for the determination of geometries, boundary conditions and material 
parameters that guarantee the stability of the system. Thus, if the geometry and boundary conditions 
are fixed and a stable system is to be designed, the model can be used to determine a set of material 
parameters 𝜏1, 𝜏2, 𝜌1 and 𝜌2 that ensure stability. Similarly, the upper bound model can be used to 
determine the minimum acceptable workability levels if instability is sought. If instead a set of material 
properties is given, the lower and upper bound models can be employed to determine the geometries 
and boundary conditions that guarantee stable and unstable systems respectively.  
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 Plasticity theory can be successfully employed to study the behaviour of concrete in the transient solid-
fluid regime in the case of slow flows. 
 The feasibility of manufacturing functionally graded elements composed of vertical layers of 
cementitious material is demonstrated.  
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Appendix A. Upper bound solution 
In order to obtain an upper bound of the external driving load ∆𝜌𝑔 for the mechanism reported in Figure 11a, 
internal and external work are calculated and equated. The internal work is done by the shear stresses 
developing along the slip surfaces and within the radial shear zones. The shear stresses along the slip surfaces 
are defined as follows: 
 The shear stress developing on slip surfaces between blocks of the same material (slip surfaces OB, 
AB, ED, OC1, OC2, OD) is the yield stress of the material itself. 
 The shear stress on a slip plane between a block and a wall is the yield stress of the material of the 
block. That is, no-slip boundary conditions are assumed at the walls [25]. Hence, the stresses 𝜏𝑤1 and 
𝜏𝑤2 developing along WA and WE respectively are defined as: 
 
𝜏𝑤1 = 𝜏1 (A-1) 
 
𝜏𝑤2 = 𝜏2 (A-2) 
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 The shear stress along slip plane 𝐴𝐸, located at the boundary between the two blocks of materials 1 
and 2, is the minimum value 𝜏𝑚𝑖𝑛 of the yield stresses 𝜏1 and 𝜏2. That is, it is assumed that plastic 
flow develops in the material with a lower yield stress. The minimum yield stress value 𝜏𝑚𝑖𝑛 is 
expressed as a function of the sum of the yield stresses 𝜏1 and 𝜏2: 
 










and 𝜏𝑚𝑎𝑥 is the maximum of the two yield stresses. Thus, 𝛼 assumes values between 0 and 1. 
 
The shear zones represent slip fans composed of an infinite number of rigid triangular blocks. The internal 
work contribution due to the deformation of a slip fan composed a finite number of triangles can be obtained 
by summing the work due to the tangential slip surfaces and the radial slip surfaces [42,46]. When the number 
of triangles subdividing the fan approaches infinity, the internal work contribution 𝛿𝑊𝑖𝑛𝑡,𝑟 due to the 
deformation of a generic radial shear zone is calculated as [42,46]: 
𝛿𝑊𝑖𝑛𝑡,𝑟 = 𝜏0𝑅𝜃𝑓𝛿𝑤 (A-5) 
 
where 𝜏0 is the yield stress of the material, 𝑅 is the radius of the fan, 𝜃𝑓 is the fan angle which is equal to the 
change 𝜃 in the direction of the vector of displacement 𝛿𝑤 across the radial shear zone. 
 
Thus, the internal work contributions 𝛿𝑊𝑖𝑛𝑡,𝐶1 and 𝛿𝑊𝑖𝑛𝑡,𝐶2 associated with the deformation of the radial shear 






















Accordingly, the sum of the internal work contributions gives: 
 
𝛿𝑊𝑖𝑛𝑡 = ∑ 𝛿𝑊𝑖𝑛𝑡,𝑖
𝒊
= 𝛿𝑤𝐴(𝜏1 + 𝜏2) [(ℎ −
𝑏
√2













For the considered mechanism, the increment of external work 𝛿𝑊𝑒𝑥𝑡 is due to the self-weight forces and is 
given by: 
𝛿𝑊𝑒𝑥𝑡 = ∑ 𝛿𝑊𝑒𝑥𝑡,𝑖
𝒊




where 𝛿𝑊𝑒𝑥𝑡,𝑖 is the increment of work done by the self-weight force of the i-th block and 𝛿𝑤𝐴 is the 
displacement of block 𝐴. It is worth noting that for the radial shear zones C1 and C2 the average vertical 
displacement was considered.  
 
Equating external and internal work, given by Eq. (A-9) and Eq. (A-8) respectively, an upper bound of the 



















(𝜏1 + 𝜏2) (A-10) 
 
Eq. (A-10) can be written as: 
 
 
∆𝜌𝑔 = (𝑘𝑈1 + 𝑘𝑈2 + 𝑘𝑈3)(𝜏1 + 𝜏2) (A-11) 





































Appendix B. Lower bound solution 
In order to obtain an upper bound of the external driving load ∆𝜌𝑔 for the equilibrium stress state schematized 
in Figure 12, it is assumed that both materials reach their yield strength in shear at the base of the system. The 
considered stress state defined for the lower bound model presents a vertical stress discontinuity at the interface 
of the two materials (see Figure 12b, Figure 12c, Figure 12d).  Vertical and horizontal directions are the 
directions of the principal stresses. The vertical stresses 𝜎𝑣,𝐼 and 𝜎𝑣,𝐼𝐼  in a typical element 𝐴 and 𝐵 in regions 
𝐼 and 𝐼𝐼, for 𝑧 ≥ ℎ − 𝑏 √2⁄ , are given by: 
𝜎𝑣,𝐼 = 𝜌1𝑔𝑧 −  𝑝1 (ℎ −
𝑏
√2







𝜎𝑣,𝐼𝐼 = 𝜌2𝑔𝑧 + 𝑝2 (ℎ −
𝑏
√2







where 𝑧 is the depth of the element and 𝑔 is the gravitational acceleration. In order to meet the equilibrium 
condition at the stress discontinuity, the horizontal normal stress 𝜎ℎ should be continuous across the stress 
boundary [41]. Thus, the two Mohr’s circles describing the stress states at the bottom of the two regions must 
share a tangent. In order to calculate a lower bound on the loads, it is assumed that both materials reach their 
yield strength in shear at the base of the system. As a consequence, the stress states in the two elements A and 




Figure B.1 Equilibrium stress field at the base of the system (𝑧=ℎ) 




𝜎𝑣,𝐼(𝑧 = ℎ) − 𝜎𝑣,𝐼𝐼(𝑧 = ℎ)  = 2(𝜏1 + 𝜏2) (B-3) 
where 𝜎𝑣,𝐼(𝑧 = ℎ) and 𝜎𝑣,𝐼𝐼(𝑧 = ℎ) are the vertical stresses at the bottom of region I and II respectively. It is 
worth noting that, although in Figure B.1 it is assumed 𝜏1 > 𝜏2, Eq. (B-3) is valid also in the case where 𝜏1 ≤
𝜏2. 
  
Combining Eq. (B-1), (B-2), (B-3) and (A-3), a lower bound of the external driving load ∆𝜌𝑔 is obtained 
where: 
 



















Eq. (B-4) can be written as: 
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